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We discuss the future detectability of gravitational-wave induced lensing from high-sensitivity
cosmic microwave background (CMB) experiments. Gravitational waves can induce a rotational
component of the weak-lensing deflection angle, usually referred to as the curl mode, which would
be imprinted on the CMB maps. Using the technique of reconstructing lensing signals involved
in CMB maps, this curl mode can be measured in an unbiased manner, offering an independent
confirmation of the gravitational waves complementary to B-mode polarization experiments. Based
on the Fisher matrix analysis, we first show that with the noise levels necessary to confirm the
consistency relation for the primordial gravitational waves, the future CMB experiments will be
able to detect the gravitational-wave induced lensing signals. For a tensor-to-scalar ratio of r <∼ 0.1,
even if the consistency relation is difficult to confirm with a high significance, the gravitational-wave
induced lensing will be detected at more than 3σ significance level. Further, we point out that high-
sensitivity experiments will be also powerful to constrain the gravitational waves generated after the
recombination epoch. Compared to the B-mode polarization, the curl mode is particularly sensitive
to gravitational waves generated at low redshifts (z <∼ 10) with a low frequency (k <∼ 10−3 Mpc−1),
and it could give a much tighter constraint on their energy density ΩGW by more than 3 orders of
magnitude.
PACS numbers:
I. INTRODUCTION
Large-scale B-mode polarizations of the cosmic mi-
crowave background (CMB) have been considered to be
the powerful probe of the primordial gravitational waves
as a smoking gun of the cosmic inflation. Recently, BI-
CEP2 has reported a detection of B-mode signal consis-
tent with primordial gravitational waves of the tensor-
to-scalar ratio r ∼ 0.2 [1], though contaminations by the
dust polarization seem significant [2]. Regardless of the
origin of the signal, it is natural to explore further tests
of the inflationary paradigm. Most inflation models pre-
dict a power-law form of the primordial tensor power
spectrum. In particular, single-field slow-roll inflations
provide a generic prediction, nt = −r/8 known as the
consistency relation, where nt is the power-law index of
the tensor spectrum. Indeed, confirmation of the consis-
tency relation leads to a strong evidence for the acceler-
ated expansion in the early Universe, and, thus, the next
target after discovery of the primordial B-mode signal.
Aiming at precisely measuring the tensor B-mode,
next-generation CMB experiments are planning to
achieve a high-sensitivity polarization measurement
down to arc minute scales [3, 4]. An important step in
such future experiments is to reduce the lensing-induced
B-mode with the so-called delensing technique. In CMB
experiments, the gravitational potential of the large-
scale structure can be reconstructed from the observed
CMB maps, and the small-scale E/B-modes have been
used to estimate the lensing signals involved in CMB
maps by several CMB experiments such as SPTpol [5]
and POLARBEAR [6]. The reconstructed lensing sig-
nals are then used to estimate the lensing B-mode to be
subtracted from the observed B-mode map. Although
this delensing technique requires both high-resolution
and high-sensitivity experiments in practice, the Stage-
IV class experiment [3, 4] would have enough sensitivity
to remove ∼ 80-90% of the lensing B-mode, giving us a
chance to confirm the consistency relation if r ∼ 0.2 [7, 8].
An important point is that such experiments will not only
greatly improve our understanding of the physics in the
early Universe, but also give another benefit for the de-
tection of tensor fluctuations through the lensing effect,
which we will focus on.
In general, the weak-lensing deflection angle is decom-
posed into the (parity-even) gradient and (parity-odd)
curl modes, expressed as [9–11]
d =∇φ+ (⋆∇)̟ . (1)
The quantities φ and̟, respectively, denote the gradient
and curl modes of the deflection angle. The symbol ∇ is
the covariant derivative on the unit sphere, and the oper-
2ator ⋆ rotates a two-dimensional vector counterclockwise
by 90◦. Similar to the cases of E-/B-mode CMB polar-
izations, the scalar metric perturbations induced by the
matter density fluctuations produce the gradient mode,
but they do not generate the curl mode at the linear
order. On the other hand, the curl mode is generated
by the vector and/or tensor metric perturbations, and is,
thus, considered as an alternative probe of the primordial
gravitational waves [10–13].
In previous works, the detectability of the curl mode
has been discussed based on the lensing reconstruction
with the quadratic estimator [10, 11], and the detection
of the gravitational-wave induced lensing is found to be
difficult for r ≈ 0.2 even with the cosmic-variance lim-
ited observation. Note, however, that their results do
not imply the fundamental limit of the detectability of
the primordial gravitational waves, because the recon-
struction noise is further reduced if the estimator based
on the maximum likelihood method is used [9]. The pri-
mary purpose of this paper is to reconsider the detectabil-
ity of the curl mode from the primordial gravitational
waves based on the maximum likelihood approach. We
will show that, with a high-sensitivity experiment enough
to confirm the consistency relation, the detection of the
gravitational-wave induced lensing is possible with a high
signal-to-noise ratio.
There is another benefit to search for the gravitational-
wave induced lensing. Indeed, the gravitational waves of
cosmological origin can be also generated at late time of
the Universe. Possible mechanisms to generate gravita-
tional waves at the late-time epoch include second-order
primordial density perturbations [14], cosmic strings [15],
anisotropic stress of a scalar field in modified gravity
theories (see, e.g., [16]), and self-ordering scalar fields
[17](more generically, any cosmic defect network [18]).
In order to constrain these gravitational waves, we need
a sensitive probe to the late-time evolution of the gravita-
tional waves. CMB lensing measurements would provide
a way to detect those gravitational waves, since the lens-
ing effect on CMB is efficient at late time of the Universe.
The postrecombination gravitational waves, if they exist,
give a small but nonvanishing contribution to the lensing
effect on the observed CMB anisotropies [19]. While the
possibility to constrain the postrecombination gravita-
tional waves using the lensed CMB angular power spec-
tra has been considered by Ref. [19], the direct recon-
struction of the curl mode will further improve the con-
straint, since the reconstruction utilizes information on
the statistical anisotropies solely caused by the lensing.
In this paper, we will show that even if the sensitivity
of an experiment is marginal to detect the curl mode
of the primordial gravitational waves, the constraint on
the post- recombination gravitational waves can become
tighter than that from the B-mode polarization by more
than 3 orders of magnitude.
This paper is organized as follows. In Sec II, we be-
gin by briefly summarizing our basic method to estimate
the efficiency of the lensing reconstruction and delens-
ing based on the maximum likelihood method. Then,
in Sec. III, we discuss prospects for a precision mea-
surement of the primordial gravitational waves via high-
sensitivity CMB experiments, showing a capability of de-
tecting gravitational-wave induced lensing. In Sec. IV, as
an implication to the search for the gravitational-wave in-
duced lensing, we consider gravitational waves produced
after the recombination epoch, and discuss the possibility
to constrain the energy density of the postrecombination
gravitational waves via the CMB lensing analysis. Fi-
nally, Sec V is devoted to summary and discussion.
Throughout this paper, we assume the flat-ΛCDM
model with three massless neutrinos as the fiducial cos-
mological model. The cosmological parameters used in
this paper are consistent with the best-fit values of the
Planck 2013 results [20]: Ωbh
2 = 0.0220, Ωmh
2 = 0.141,
ΩΛ = 0.696, ns = 0.968, As = 2.22 × 10
−9, and τ =
0.0949. The pivot scale of the primordial scalar/tensor
power spectrum is k0 = 0.05 Mpc
−1. For tensor fluc-
tuations, we take the fiducial values of the tensor tilt
to follow the consistency relation nt = −r/8, while the
fiducial tensor-to-scalar ratio r is varied.
II. ANALYSIS OF CMB LENSING
In this section, we summarize our basic method to esti-
mate the efficiency of the lensing reconstruction and de-
lensing from CMB experiments, used to quantify the sen-
sitivity to gravitational-wave induced B-mode and lens-
ing in the subsequent analysis.
A. Angular power spectrum
In what follows, we use CAMB code [21] to compute
angular power spectra of the E-/B-mode polarizations
and gradient/curl modes, following our previous work
[15]. Denoting the dimensionless power spectrum for ten-
sor perturbations by ∆2h(k, η) , angular power spectra in-
duced by the gravitational waves are expressed as:
CXXℓ = 4π
∫ ∞
0
d ln k
[∫ ∞
0
dχ ∆h(k, η0 − χ)SX,ℓ(k, χ)
]2
,
(2)
where the index X runs over the E-/B-mode polariza-
tions and the lensing gradient-/curl-modes (X = E,B, φ
or ̟). The function SX,ℓ is the weight function for X
(see Ref. [15] for explicit expressions). In particular, the
weight function for the curl mode is given by
S̟,ℓ =
1
2
(ℓ − 1)!
(ℓ + 1)!
√
(ℓ+ 2)!
(ℓ− 2)!
jℓ(kχ)
kχ2
. (3)
For the evolution of the tensor perturbations, we intro-
duce the tensor transfer function T (k, η), which basically
describes the subhorizon evolution of gravitational waves.
3In terms of this, we may write the time evolution of the
power spectrum as ∆2h(k, η) = ∆
2
h,prim(k)[T (k, η)]
2. Here
∆2h,prim(k) denotes the dimensionless power spectrum of
the primordial tensor perturbations produced during in-
flation, which is characterized by the tensor-to-scalar ra-
tio r and tensor tilt nt through ∆
2
h,prim(k) = rAs(k/k0)
nt
with As being the power spectrum amplitude of the scalar
perturbations.
In our analysis, we assume that an instrumental
noise of observed polarization maps is homogeneous and
isotropic, and is deconvolved with a Gaussian beam. The
E-/B-mode polarization power spectra are then given by
ĈXXℓ = C
XX
ℓ +
(
σP
TCMB
)2
exp
[
ℓ(ℓ+ 1)θ2
8 ln 2
]
, (4)
where XX = EE or BB, the quantities, TCMB, θ, and
σP are, respectively, the mean temperature of CMB (i.e.,
TCMB = 2.7K), the beam size, and the noise level of
an experiment. Note that the power spectrum CXXℓ is
the lensed E-/B-mode polarization power spectra. On
top of the primordial component, it includes the lensing
contributions.
B. Lensing reconstruction and delensing
Provided the observed polarization maps, Ref. [9] has
proposed an iterative method to reconstruct the gradi-
ent and curl modes of the deflection angle based on the
maximum likelihood method. While this method enables
us to substantially reduce the reconstruction noise, the
estimation of the noise generally requires extensive nu-
merical simulations. In Ref. [22], instead of performing
full numerical simulations, a fast and simple algorithm
to estimate the reconstruction noise is exploited for both
the gradient mode and the delensed B-mode polariza-
tion, and it has been used for several forecast studies
[3, 4, 7, 8, 23]. In this paper, extending the forecast
method by Ref. [22] to the case including the curl mode,
we will estimate the expected reconstruction noise for the
gradient and curl modes as follows. Note that the primor-
dial tensor contributions to the E-/B-mode polarizations
are basically small enough and are irrelevant in estimat-
ing the reconstruction noise, since these are dominated
only at larger scales (ℓ<∼ 500) if r <∼ 0.2. Hence, in the
lensing analysis, we basically follow the previous studies
and ignore the tensor contributions to the polarizations.
In the iterative method, as a first step, the lensing
reconstruction is performed with the usual quadratic es-
timator [24]. The reconstruction noise of the gradient
mode is then given by [22]
NφL =
{
1
2L+ 1
∑
ℓℓ′
[S
(−)
ℓ′ℓLC
EE
ℓ ]
2
ĈEEℓ Ĉ
BB
ℓ′
}−1
. (5)
Here we define
S
(±)
ℓℓ′L =
1± (−1)ℓ+ℓ
′+L
2
√
(2ℓ+ 1)(2ℓ′ + 1)(2L+ 1)
16π
× [−ℓ(ℓ+ 1) + ℓ′(ℓ′ + 1) + L(L+ 1)]
×
(
ℓ ℓ′ L
2 −2 0
)
. (6)
With the reconstructed gradient mode, the lensing con-
tributions in the B-mode polarization are estimated and
are then subtracted from the observed B-mode polariza-
tion. Because of the imperfect subtraction, there remain
the residuals of the lensing contaminations in the B-mode
polarization. The residual lensing contribution to the an-
gular power spectrum is estimated to be [22]
CBB,resℓ =
∑
ℓ′L
CEEℓ′ C
φφ
L
2ℓ+ 1
[
1− (S
(−)
ℓℓ′L)
2C
EE
ℓ′
ĈEEℓ′
CφφL
CφφL +N
φ
L
]
.
(7)
Note that, in the above equation, we ignore the B-mode
polarization arising from the gravitational-wave induced
lensing, and we assume that the lensing B-mode polar-
ization primarily comes from the gradient mode.
The next step is to calculate the reconstruction noise
of Eq. (5) again, taking the residual lensing contributions
into account. This can be done by replacing the lensing
contribution in ĈBBℓ with C
BB,res
ℓ . Similarly, the lensing
contribution in ĈEEℓ may be replaced with the residual
lensing contribution; however, the relative impact of the
lensing contribution is rather small and is safely ignored
in the E-mode polarization. Then, we estimate the new
residual contribution to the B-mode polarization. We re-
peat these calculations until the power spectrum CBB,resℓ
is converged. The converged result of CBB,resℓ would be
regarded as the final outcome of the residual lensing con-
tamination after delensing [22]. With this result, we ob-
tain the reconstruction noise of the curl mode as follows:
N̟L =
{
1
2L+ 1
∑
ℓℓ′
[S
(+)
ℓ′ℓLC
EE
ℓ ]
2
ĈEEℓ Ĉ
BB
ℓ′
}−1
, (8)
where the lensing contributions in ĈBBℓ are replaced with
the converged result of CBB,resℓ . In our subsequent anal-
ysis, the multipoles between 2 ≤ ℓ, ℓ′, L ≤ 4000 are used
for the reconstruction and delensing in Eqs. (5), (7), and
(8).
The iteration method given above implicitly assumes
that the correlation between the gradient and curl modes
is negligible; i.e., the gradient and curl modes are esti-
mated separately. Although such correlation for the max-
imum likelihood reconstruction has not been explored in
detail, their impact on our results would be not so sig-
nificant because the assumption is, indeed, true for the
quadratic estimator [11] which is used as a first step of
the iteration.
4III. MEASURING PRIMORDIAL
GRAVITATIONAL WAVES VIA
HIGH-SENSITIVITY CMB EXPERIMENT
In this section, we first estimate the required noise
level of a polarization measurement in order to test the
consistency relation for primordial tensor fluctuations.
Based on this estimate, we discuss the feasibility to de-
tect the gravitational-wave induced lensing from a high-
sensitivity CMB experiment.
A. Testing consistency relation with B-mode
polarization
In order to derive the required noise level of a polariza-
tion measurement needed to test the consistency relation
nt = −r/8, we proceed to the Fisher matrix analysis.
Here we consider the B-mode polarization alone, since
this is the best sensitive probe to test the consistency
relation among various CMB observables. The Fisher
matrix is given by
Fij ≡
ℓmax∑
ℓ=2
2ℓ+ 1
2
fsky
∂ ln ĈBBℓ
∂pi
∂ ln ĈBBℓ
∂pj
, (9)
with ĈBBℓ being the observed power spectrum given by
Eq. (4), whose lensing contributions are replaced with
Eq. (7). For simplicity, we ignore the galactic foreground
contamination in computing the power spectrum. The
quantities pi are free parameters to be determined by
the observations, and we here consider the tensor-to-
scalar ratio and tensor spectral index as free parameters,
i.e., pi = (r, nt). Given the Fisher matrix above, the
marginalized expected 1σ error on pi is estimated to be
σ(pi) =
√
{F−1}ii. Below, setting the maximum multi-
pole to ℓmax = 1000, we evaluate the Fisher matrix.
It is commonly known that confirmation of the consis-
tency relation generally requires a polarization measure-
ment with a significantly low-noise level. We, thus, con-
sider the Stage-IV class or even higher-sensitivity exper-
iments in which the polarization sensitivity σP . 1µK-
arcmin and angular resolution θ . 1 arcmin can be
achieved. For comparison, we also show the case with
θ = 4 arcmin which is close to the angular resolution of
the POLARBEAR and POLAR Array. With these ex-
perimental setups, we apply the delensing technique, and
estimate the expected error on the tensor spectral tilt
from the delensed B-mode polarization based on Eq. (9).
Note that, throughout the analysis, we assume the con-
sistency relation for setting the fiducial value of nt.
The left panel of Fig. 1 shows the statistical signif-
icance to confirm the consistency relation, defined by
|nt|/(
√
fskyσ(nt)) with the fiducial value of the tensor
spectral tilt, nt = −r/8. For the tensor-to-scalar ratios
of r = 0.2 (solid), 0.15 (long dashed), 0.1 (short dashed),
and 0.05 (dotted), statistical significances are estimated
and are plotted as a function of the sensitivity σP. Note
that thanks to the low noise level of a polarization mea-
surement, the tensor-to-scalar ratio is tightly constrained
for the range of our interest in r, and, thus, the detection
of primordial tensor perturbations is highly significant,
i.e., r/(
√
fskyσ(r))≫ 1.
As it is anticipated, the confirmation of the consistency
relation becomes harder as decreasing the fiducial value
of r. This is true even with a full-sky (fsky = 1) and
high-angular resolution (θ = 1 arcmin) experiment. For
instance, for r < 0.05, the sensitivity of σP ≪ 0.1µK-
arcmin is required to confirm the consistency relation.
This is more clearly seen when we plot the required sen-
sitivity σP as a function of the tensor-to-scalar ratio. The
right panel of Fig. 1 plots the required sensitivity based
on the result in the left panel. Here, assuming full-sky
observations (fsky = 1), the results with statistical sig-
nificance at the 1σ (green), 2σ (blue), and 3σ (red) levels
are particularly shown. For a small tensor-to-scalar ratio
r . 0.1, a solid confirmation of the consistency relation
at the & 3σ level is rather challenging even for a high-
sensitivity experiment of σP & 0.01µK-arcmin.
B. Detecting gravitational-wave induced lensing
Having confirmed that testing the consistency rela-
tion generally requires a high-sensitivity B-mode mea-
surement, we next consider the feasibility to detect the
gravitational-wave induced lensing. We estimate the ex-
pected signal-to-noise ratio for the reconstructed curl-
mode. The signal-to-noise ratio of the curl mode is de-
fined as
(
S
N
)
̟̟
≡
ℓmax∑
ℓ=2
2ℓ+ 1
2
fsky
(
C̟̟ℓ
Ĉ̟̟ℓ
)21/2 . (10)
Note that the observed power spectrum of the curl mode
Ĉ̟̟ℓ is expressed as
Ĉ̟̟ℓ = C
̟̟
ℓ +N
̟
ℓ , (11)
with the reconstruction noise N̟ℓ given by Eq. (8).
The left panel of Fig. 2 shows the expected signal-to-
noise ratio for the curl mode as a function of the sensitiv-
ity σP. On the other hand, right panel of Fig. 1 plots the
required sensitivity to detect the curl mode as a function
of r. Here we set ℓmax = 1000
1. Similar to the test
of the consistency relation, the detectability of the curl
mode increases with the fiducial value of r. However,
one noticeable point is that the required sensitivity for
the detection of the gravitational-wave induced lensing is
less severe than that for the test of the consistency rela-
tion. Indeed, the gravitational-wave induced lensing for
1 In practice, the signal-to-noise ratio is well-converged if we set
ℓmax to several hundreds
5FIG. 1: Left: Statistical significance to confirm the consistency relation, f
−1/2
sky |nt|/σ(nt), with the fiducial value of the spectral
tilt given by nt = −r/8. The results for tensor-to-scalar ratios r = 0.2 (solid), 0.15 (long dashed), 0.1 (short dashed), and 0.05
(dotted) are plotted as a function of the polarization sensitivity σP in units of µK-arcmin. The red and green lines, respectively,
represent angular resolutions of θ = 1 and 4 arcmin. Right: Required polarization sensitivity to test the consistency relation
as a function of the tenor-to-scalar ratio r for a full-sky CMB experiment (fsky = 1). For the angular resolution θ = 1 (solid)
and 4 arcmin (dashed), the required sensitivity σP is shown at the statistical significance of 1σ (green), 2σ (blue), and 3σ (red)
levels.
FIG. 2: Left: Signal-to-noise ratio of the lensing curl-mode induced by the primordial gravitational waves f
−1/2
sky (S/N)̟̟
plotted against the sensitivity σP. The meaning of the line types is the same as in the left panel of Fig. 1. As a reference, the
1σ significance is shown in as the black solid line. Right: Required sensitivity to detect the lensing curl-mode at 1σ (green), 2σ
(blue), and 3σ (red) levels. For a full-sky CMB experiment (fsky = 1), the results are plotted as a function of the tenor-to-scalar
ratio r. The sold and dashed lines represent the results with angular resolutions of θ = 1 and 4 arcmin, respectively.
r >∼ 0.1 will be detected with 3σ significance if the sensi-
tivity of σP = 0.03µK-arcmin is achieved in future CMB
experiments. In particular, even if the consistency rela-
tion is still difficult to probe, the curl mode would be de-
tected for r < 0.1. This implies that the high-sensitivity
measurement of the curl mode can be a complementary
probe of the primordial gravitational waves, offering an
independent confirmation from future CMB experiments.
6IV. IMPLICATION TO POSTRECOMBINATION
GRAVITATIONAL WAVES
As another benefit to search for the gravitational-wave
induced lensing via a high-sensitivity CMB experiment,
we here discuss the gravitational waves generated after
the recombination. As we mentioned in Sec. I, there
are several mechanisms to produce the late-time gravita-
tional waves: the second-order primordial density pertur-
bations [14] and anisotropic stress of a scalar field in mod-
ified gravity theories (see, e.g., [16]). While the postre-
combination gravitational waves lead additional features
in both the angular power spectra of the B-mode po-
larization and curl mode, the curl mode is found to be
particularly sensitive to the late-time gravitational waves
on large scales.
For illustrative purposes to show how the B-mode po-
larization and curl mode are sensitive to the postrecom-
bination gravitational waves, we consider gravitational
waves emitted instantaneously at a single source plane of
z = zs, with a narrow frequency range, kc(1 − ǫ) ≤ k ≤
kc(1+ ǫ). In what follows, we set ǫ = 0.28. Adopting the
same transfer function as used in the case of the primor-
dial gravitational waves, we compute additional contri-
butions to the angular power spectrum from the postre-
combination gravitational waves denoted by ∆CXXℓ , as
∆CXXℓ =4π
∫ kc(1+ǫ)
kc(1−ǫ)
d ln k∆2GW
×
[∫ χ(zs)
0
dχT (k, η0 − χ)SX,ℓ(k, χ)
]2
. (12)
Here, T is the transfer function and SX,ℓ represents the
weight function [e.g., Eq. (3)]. In the above, the quantity
∆GW represents the amount of the gravitational waves
produced at zs, and it is treated as a free parameter.
Fig. 3 shows the angular power spectra of the B-
mode polarization (top) and curl mode (bottom) from
the postrecombination gravitational waves with three dif-
ferent frequencies: kc = 1.4 × 10
−5 (left), 1.4 × 10−4
(middle), and 1.4× 10−3 (right) Mpc−1. Here, the am-
plitude of the gravitational waves ∆GW is normalized in
each case in such a way that the expected signal-to-noise
ratio of the B-mode polarization (S/N)BB becomes unity
2.
Overall, the long-wavelength gravitational waves pro-
duce a very sharp feature in the angular power spec-
tra. As indicated in Fig. 3, although general trends of
the power spectra are rather similar in both the B-mode
polarization and lensing curl-mode, resultant signal-to-
noise ratios of the curl mode (S/N)̟̟ are higher than
those of the B-mode polarization especially for smaller
kc and lower zc. This suggests that the curl mode gives
2 The signal-to-noise ratio (S/N)BB is obtained from Eq. (10) but
replacing C̟̟ℓ and Ĉ
̟̟
ℓ with C
BB
ℓ and Ĉ
BB
ℓ , respectively.
a better constraint on the abundance of the postrecom-
bination gravitational waves.
In order to quantify the potential power of the high-
sensitivity CMB experiment to constrain the postrecom-
bination gravitational waves, we estimate the expected
1σ upper bounds on ∆2GW based on the following log-
likelihood:
−2 lnL =
ℓmax∑
ℓ=2
(2ℓ+ 1)
×
[
ĈXXℓ
C˜XXℓ
+ ln C˜XXℓ −
2ℓ− 1
2ℓ+ 1
ln ĈXXℓ
]
. (13)
Here the observed power spectra ĈXXℓ are obtained by
performing the lensing analysis, and we assume that
these have no contribution from the postrecombination
sources. On the other hand, C˜XXℓ is a theoretically-
estimated power spectrum, which includes the contri-
bution from the postrecombination gravitational waves
∆CXXℓ on top of the observed power spectrum Ĉ
XX
ℓ . In
computing the likelihood above, we set the maximum
multipole to ℓmax = 1000. The 1σ constraint on the am-
plitude ∆GW is then obtained for the range of frequency
centered at kc, kc(1−ǫ) ≤ k ≤ kc(1+ǫ). For convenience,
we translate this constraint into the upper bounds on the
spectral energy density at the present time, frequently
used in the literature:
∆ΩGW(k) ≡
1
ρc
d∆ρGW
d ln k
∣∣∣∣
η=η0
=
∆2GW
12H20
(
∂T (k, η)
∂η
)2 ∣∣∣∣
η=η0
,
(14)
where ρc is the critical density of the Universe, and H0
is the Hubble parameter today.
In Fig. 4, setting the experimental parameters to σP =
0.1µK-arcmin and θ = 1 arcmin specifically, we estimate
the expected upper bounds on ∆ΩGW for the postrecom-
bination gravitational waves emitted at zs = 1 (solid), 10
(dashed), and zLSS (dotted), and the results are plotted
as a function of the frequency 3. The left panel shows
the results in the absence of the primordial gravitational
waves. The upper bounds obtained from the curl mode
become gradually tight as decreasing the frequency. At
kc ∼ 10
−5Mpc−1, the constraint eventually becomes
comparable to that from the B-mode polarization. On
the other hand, the right panel shows the case including
the nonzero primordial gravitational waves of r = 0.1.
Note that with the sensitivity of σP = 0.1µK-arcmin,
the detection of the primordial gravitational waves via
the lensing curl-mode is statistically less significant, i.e.,
(S/N)̟̟ < 2 (see Fig. 2). Nevertheless, the upper
bounds from the curl mode almost remain the same as
3 The upper bound ∆ΩGW at each kc is evaluated as an average
of ∆ΩGW(k) over kc(1 − ǫ) ≤ k ≤ kc(1 + ǫ).
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FIG. 3: Angular power spectra of the B-mode polarization (top) and lensing curl-mode (bottom) induced by the postrecom-
bination gravitational waves. For specific source redshifts at zs = 1 (red), 10 (green) and zLSS = 1100 (blue), the expected
signals of the B-mode polarization and curl mode are shown. Left, middle, and right panels, respectively, show the results from
the postrecombination gravitational waves produced at the frequencies kc = 1.4 × 10
−5, 1.4 × 10−4, and 1.4 × 10−3 Mpc−1
(see the text for details). The amplitude of the gravitational waves given by ∆2GW is normalized in each case such that the
measured B-mode power spectrum has (S/N)BB = 1. For reference, we also plot in each panel the angular power spectra from
the primordial gravitational waves, assuming the tensor-to-scalar ratio, r = 0.1 (black solid). The noise contributions from the
instrument and the lensing reconstruction or delensing are also depicted as dot-dashed lines in each panel.
in the case of r = 0, while those from the B-mode
polarization substantially become worse. As a result,
the curl mode gives a much tighter constraint on the
long-wavelength gravitational waves of kc <∼ 10
−3Mpc−1.
Compared to the constraint from the B-mode polariza-
tion, this could give a significant improvement by more
than 3 orders of magnitude. The main reason for these
results comes from the fact that the contributions of the
primordial gravitational waves give rise to a large cosmic
variance leading to a significant impact on the large-scale
B-mode polarization, while the noise contributions to the
curl mode are basically given by the reconstruction noise
which hardly changes even in the presence of the pri-
mordial gravitational waves. Another notable point in
Fig. 4 is that irrespective of the amplitude of the primor-
dial contribution, the constraints on ∆ΩGW from the curl
mode have a weaker dependence on the source redshift zs
than those from the B-mode polarization. Hence, com-
8FIG. 4: Upper bounds on the spectral energy density of the postrecombination gravitational waves ∆ΩGW as a function
of the frequency. The left panel shows the results in the absence of the primordial gravitational waves (r = 0), while right
panel represents the cases with nonzero primordial gravitational waves of the tensor-to-scalar ratio, r = 0.1. In each panel, the
constraints from the B-mode polarization and lensing curl-mode are depicted as green and red lines, respectively. The solid,
dashed, and dotted lines represent the upper bounds on the postrecombination gravitational waves emitted at zs = 1, 10, and
zLSS = 1100. We specifically set the experimental parameters to σP = 0.1µK-arcmin and θ = 1 arcmin.
bining the B-mode polarization with the curl mode, we
could obtain the stringent constraints on the postrecom-
bination gravitational waves over wide frequency ranges
and source redshifts.
V. SUMMARY
In this paper, based on the iterative technique for
the lensing reconstruction and delensing, we have stud-
ied the future detectability of the gravitational-wave in-
duced lensing from a high-sensitivity CMB experiment.
The Fisher matrix analysis has revealed that the lensing
curl-mode induced by the primordial gravitational waves
with r . 0.1 would be detected at more than 3σ signifi-
cance where the consistency relation is still hard to con-
firm. As an implication of searching for the gravitational-
wave induced lensing, we have considered the possibility
to tightly constrain the postrecombination gravitational
waves. We then have found that the lensing curl-mode
is particularly sensitive to long-wavelength gravitational
waves (k <∼ 10−3Mpc−1) produced at zs < 10. With a
high-sensitivity experiment which will be able to confirm
the consistency relation at a few-σ level, the lensing curl-
mode gives a tighter constraint on their spectral energy
density ΩGW, compared to the one from B-mode polar-
ization by more than 3 orders of magnitude.
In this paper, we have assumed that the lensing B-
mode polarization is generated only from the gradient
mode and has no contributions from the curl mode.
Ref. [13] showed that the contributions from the curl
mode to the lensing B-mode is about < 1% of those
from the gradient mode to the lensing B-mode if r ∼ 0.3.
Thus, we would safely ignore the curl-mode contributions
to the lensing B-mode as long as we consider the primor-
dial gravitational waves of r <∼ 0.3 and the experiment
with σP >∼ 0.05µK-arcmin. In other words, such contri-
butions have to be seriously taken into account for a fu-
ture ultra-high-sensitivity experiment. Another concern
in the ultra-high-sensitivity experiment would be the ro-
tation of the polarization basis, which can be induced by
the primordial gravitational waves [25]. The contribu-
tions from the higher-order gradient-mode power spec-
trum O[(Cφφℓ )
2] may be also important in estimating the
lensing B-mode in high-sensitivity experiments. These
issues are left for our future work.
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